We complete the results of an earlier paper by Sodupe, where interlacing properties for generalized singular values of matrices and submatrices are studied.
INTRODUCTION
(1.1)
In [2, 3, 8, 9 , 111 the reader may find some different approaches to these inequalities. Now let p and q be norms on C"' and C", respectively. For 16 k < n we define the following numbers, where &k denotes the set of k-dimensional subspaces of C":
ok(A) = min P(h)
SE<,_I-+, OzmxaxES q(x) ' p(Ax) PL(A) = max minSE&ko#xXs q(x)
.
It is well known that all minima and maxima appearing in these expressions are attained for specific values of the arguments S and x (see e.g. [7, 131) . Let us further define a,(A) = P,(A) = 0 for all k > n. These numbers are called the (Y and the p generalized singular values of A, or the pq-singular values of A if we wish to specify the norms (cf. [5] ). By the well-known Courant-Fischer minimax and maximin formulas (see e.g. [14] ), if p and q are the standard Euclidean norms, then (Ye= &(A) = a,(A). The main problem to be considered in this paper is to find conditions on the norms p and q that imply the interlacing inequalities %(A) a %(B) 2 (Y~+~+~(A) and &(A) a&(B) a &+r+s(A), (1.2) where A, B, r, and s are as in (1.1). Since we have to define the pq-singular values of a submatrix B, we have to restrict the norms to carefully chosen subspaces depending on B. This is done in the most natural way in Definition 3.1 (compare [4] ). In [13] partial results are given on this problem, and the present work may be seen as a continuation of [I3].
In Section 2 we give an abstract approach to the generalized singular values. (This approach, though less abstract than 131, follows some of the ideas of [3] .) Then we show that a substantial part of the interlacing inequalities (1.2) follows from very elementary arguments involving basic intersection properties of subspaces.
It is in Section 3 that we consider the concrete generalized singular values. The pg-norm of A, denoted I]A]/1,4, is by definition the number o,(A). If IIAllP~ > IIBllPy, then we say that the pq-norm of A dominates the pq-norm of B. We shall prove that, for strictly homogeneous norms, the interlacing inequalities (1.2) hold (f or any matrix A and submatrix B) if and only if the pq-norm of any matrix dominates the pq-norm of any of its submatrices. Moreover, we show that this dominance of py-norms is equivalent to a monotonicity property of the numerator norm p. The monotonicity property involved is the *orthant monotonicity, introduced in [12] . We close Section 3 with a characterization of the * orthant monotonicity of the denominator norm 9, in terms of pq-singular values.
The (Y and the p generalized singular values are known in the literature on operator theory as the Gelfand s-numbers and the Bernstein s-numbers, respectively (see e.g. 16, 71). In Section 4 we shall briefly consider interlacing properties for other families of s-numbers, namely the Kolmogorov, the Mitiagin, and the approximation numbers.
ABSTRACT SINGULAR VALUES
Let E be an n-dimensional vector space over an arbitrary field, and let G be a d-dimensional subspace of E. Denote by gk the set of k-dimensional subspaces of E and by 4 the set of s-dimensional subspaces of G.
In this section rC, denotes any function $ : E \ {O} + E+, where E+ = 10, +m]. For any subset S c E the symbols sup e(r) and
XC.7
Xi$+(r) denote the supremum and the infimum of $(x) for x E S \ {O}.
In the sequel we denote by l/$ the function defined by x ++ l/$(x), for all x E E \ {O} (here we use the convention that l/O = CQ and l/w = 0). The definitions and simple results given above make sense and hold on a more general setting. Namely, the role of E might be played by an s-space (see [31 for the definition), and an arbitrary complete lattice might be used instead of R+. However, our further development needs the additive strncture and other properties of vector spaces. 
Proof.
We may assume 16 k < n -s. For any S E gk+, we have dim(S n Q) > k. Therefore, there exists T E G?~ such that T c S f~ Q. We The other half, namely the inequalities (Y~($~, E) Q (Y~(I+!J~, E) and pk(~a, E) < &(+bl, E), is still missing. Of course, these inequalities would follow in a natural way from the assumption $a(~) < $i(x) for all x. We shall see later that this assumption cannot be weakened if we wish to obtain a general interlacing theorem on the pq-singular values.
INTERLACING INEQUALITIES AND MONOTONIC NORMS
In this section K denotes the field Iw of the real numbers or the field C of complex numbers.
The symbols E and V will represent K" and K'" respectively. A norm on E is a functional q : E + R satisfying The norm q is said to be strictly homogeneous whenever it satisfies the additional property (5) q(Ax) = Ihlq(x) for any A E K.
Let A be an m X n matrix over K. We identify A with the linear operator E+V,x~Ar.Letusfixonceandforallanorm ponVandanormqon E to V given by x to Ax. For any m X n matrix M over I6, the results of Section 2 will be applied to the functional
For submatrices we use the following notation. We let I'(n) be the set of sequences r=(ri,....
T,), such that 0 Q r < n and 1 Q pi < . * * < r, < n. We call r the length of T. If r = 0 then r =0. For any u E T(m) and T E I'(n), of lengths s and r, respectively, we let A(a I T) be the submatrix of A obtained by deleting the rows oi, . . . , a, and the columns pi,. . . , T,.. 
(3.4)
On the other hand, as r = n -dim E,, Proposition 2.2 implies
The first part of (3.2) follows from (3.4)-(3.5).
The same argument applies to the p-p9 singular values. n DEFINITION 3.3. Given a subspace W of V, the norm p is said to be W-monotonic whenever p(w) < p(w + u> for all w E W and IA I W. We say that p is *orthant-monotonic if p is V,-monotonic for any sequence u E I'(m).
In [12] the reader may find a detailed study of and geometrical insight into monotonic and * orthant-monotonic norms. The following theorems relate these concepts with interlacing properties of pq-singular values. We then have
Here, the first inequality is a consequence of (3.6) and the second one follows from Proposition 2.2. The same argument proves the second inequality of (3.2). This proves (b).
Let us now prove that (c) implies (a) in case p and 9 are strictly homogeneous. We arbitrarily choose u E V,, v E V,' , a E E,, b E E,' and define d:=(~+ uXa+b)*.
For any r E ,E, and y E E$ we have p(&r + y))=la*r + b*ylp(u + u) and p(Z,Ax)= la*xlp(zr). Therefore, if we denote by vD the dual of a norm v (cf. e.g.
[l]) and by 9' the restriction of 9 to the subspace E,, we obtain IIAllpq = SUP SUP P(G + Y>)
x E E, y I E, 9(x + Y)
=p(u+u)
sup Ib+b)*zl It is also possible to characterize the monotonicity of the denominator norm 9 in terms of pq-singular values and in terms of dominance relations for pq-norms. This is the scope of the last two results of this section. 
INTERLACING INEQUALITIES FOR OTHER s-NUMBERS
We shall assume that p and q are strictly homogeneous.
With the notation of Section 3, given a matrix A, the pq-singular values o,(A) and &(A) are often called the Gelfand and the Bernstein s-numbers of A, respectively (cf. e.g. [6, 71) . In [6, 7] (ii) p is VW-monotonic iff fbr any m X n matrix A and all k ak(A(al0)) Q a,(A).
(iii> lf 9 is ET-monotonic, then fw any m X n matrix A and any k %+,(A) G q(A(U ~1).
